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Abstract. In the paper is extended two dimensional intercriteria analy-
sis over intuitionistic fuzzy data to three dimensional and will be dis-
cussed possibility for application of this analysis as an illustration of the
application of the intercriteria analysis.
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1 Introduction

The concept of intercriteria analysis was introduced in [4,7]. The intercriteria
analysis is based on the apparatus of the Index Matrices (IMs, [4]) and of Intu-
itionistic Fuzzy Sets (IFSs, [3]).

The paper is a continuation of the papers [1,6,7,9-13,16] and we for the first
time discuss the possibility, the data, that will be processed by three dimensional
intercriteria analysis, to be intuitionistic fuzzy pairs (IFP, see [8]) or more general
intuitionistic fuzzy data, saved in 3D-intuitionistic fuzzy index matrix (3D-IFIM,
[19]).

2 Basic Definitions

2.1 Short Notes on Intuitionistic Fuzzy Pairs

Let us started with some remarks on Intuitionistic Fuzzy Logic from [3,8]. The
IFP is an object with the form (a,b), where a,b € [0,1] and a + b < 1, that
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is used as an evaluation of some object or process. Its components (a and b)
are interpreted as degrees of membership and non-membership, or degrees of
validity and non-validity, or degree of correctness and non-correctness, etc. Let
us have two IFPs © = (a,b) and y = (¢, d).
Let us have two IFPs « = (a,b) and y = (¢, d). In [8] were defined following
operations:
-z = (b,a)
2&y = (min(a, ¢), max(b, d))
x Vy = (max(a, c)), min(b, d))
x4+y={(a+c—achbd)
z.y = (a.c,b+d —b.d)

sy = (5%, 1)

and relations
r<y iff a<candb>d

x>y iff a>candb<d
r>y iff a>cand b<d
r<y iff a<candb>d
z=y iff a=cand b=d.

2.2 Short Remarks on Index Matrices

The concept of Index Matrix (IM) was discussed in a series of papers and col-
lected in [4].

Definition of 3D-Extended Index Matrix (3D-EIM). Let X’ be a fixed
set of objects (real numbers, numbers 0 or 1, logical variables, propositions or
predicates, intuitionistic fuzzy pairs (IFPs), function and etc.). Let Z be a fixed
sets of indices and

T = {{i1, 0, in)|(Vj: 1< j<n)(ij €D} and TF = U I™

1<n<oco

By 3D-extended IM (3D-EIM) [4,17], with index sets K, L and H (K, L, H
C I*) and elements from the set X we denote the object :

hel b L,

kl akhllshg : akl’lj’hg e a’kl’lnvhg
[KvLaHa{aki,lj,hg}]: N N . . |hgeH ,

L A R (T N R S

B | @y 1y by - Qi kg - Qi l kg

where K = {ki,ka,...,km}, L={l1,l2,...,l,} ,H ={h1,ha,...,hs}, and for
1<i<m, 1<j<n, 1<g<f:ag,n€X.

iy
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In [4,17,19], different operations, relations and operators are defined over
IMs. For the needs of the present research, we will introduce the definitions of
some of them. With 3D — EI Mz we denote the set of all 3D-EIMs with elements
real numbers, with 3D — ETMyq 1y — the set of all (0, 1)-3D-EIMs with elements
0 or 1, with 3D — EIMp — the set of all 3D-EIMs with elements — predicates
and , with 3D — EIMzrp — the set of all 3D-EIMs with elements — IFPs.

We can define the evaluation function V' that juxtaposes to this 3D-EIM a
new one with elements — IFPs {(u,v), where pu,v,u + v € [0,1]. The new IM,
called Intuitionistic Fuzzy IM (IFIM), contains the evaluations of the variables,
propositions, etc., i.e., it has the form

V([K,L,H, {aki,lj,hg}]) = [KvaHv {V(akiyljyhg)}]
= [K7L7H7{<:u’k7‘,7lj7hg’Vkivljvhg>}]

hy € H I .. Ly
Ry ((liky by g s Vi dahg) oo (Hiky by s Vi Lok )
_ : : : hoeH
g ’
ki | (ki hg s Vei i hg) - (Bl kg s VLo hg)
km ,U'k:m,ll,hga Vkm7ll,hg> s <lu’k7n7ln7hg7 Vkmvlnvhg>

where for every 1 <i <m,1 < j <n, 1 <g < frV(arn,) = Bkl hy,
kil hg) a0 O < g, 10 b Vi 1 by s Mo dy g+ Vil by < 1

Aggregation Operations over 3D-EIM. Let the 3D-EIM A = [K, L, H,
{ak, 1, n,}] be given, where K, L, H C Z*, and let ko ¢ K,lo ¢ L,ho ¢ H. Let
0: XXX —Xand x: X x X — X

Let
{“47,“%x7, “average”, “maz”, “min”}, if A€ 3D — EIMg,
“max”, “min” }, if Ae 3D — EIMy 1y
o€ ’
(A", “v 7Y, if Ac3D— EIMp

or Ae 3D — EIMzrp

In the case of 3D — EIMzpp, in aggregation operations can participate aggre-
gating pair operations (o, *) whose elements are applied respectively on the first
and second element of IFP, where

(0,%) € {(min, max)(min, average), (min, min), (average, average),
(average, min), (max, min)}.

Therefore when A € 3D — EIMzpp, operations “(o,*)” are defined for the
intuitionistic fuzzy pairs (a,b) and (c, d), elements of A by

{a,b)(o,*){c,d) = (o(a,c),*(b,d)).
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In all other cases, we use only one operation (o).

In [18] were defined aggregation operations. We will recall the following def-
inition:

(o) — ay-aggregation

L ho
k1 O Qkylyhy,
1<g<f
k
.0y (A, ho) = 2 1S;§f Uhalahy | 1; € L

km| o a1,k
1<g<f

1 lo o ln
kil o Gkyiihy O Qhkylshy -o- O Gkl hy
1<g<f 1<g<f 1<g<f
_ k2| o ki, O Gkglohy, oo O Qkgl,h,
- 1<g<f 1<g<f 1<g<f :
Em| ©  Qhpiihy O Qkylahg - O Ghylhy
1<g<f 1<g<f 1<g<f

3 Three Dimensional Intercriteria Analysis Applied over
Intuitionistic Fuzzy Data

In this section we extended two-dimensional intercriteria analysis from [12]
applied over intuitionistic fuzzy data to three dimensional.

Let us have the set of objects O = {O1, 04, ...,0,} that must be evaluated
by criteria from the set C' = {C1,Cs,...,Cy, } in the index hy, € H for 1 < g < f,
where H is the third fixed scale and hy is its element. For example, index set H
can be interpreted as a time-scale and its elements hy — as time-moments.

Let us have an 3D-EIM

hy O - O - 05 - O,
C1|ac,,00,hy *** GCL,04hy " QC1,0;,hy " GC,0,hy
Cr |0C,,01,hy *** QCL,00hy ** OCL,0; kg GC,,00hy
A= . . . Y g e H
Ci|ac,,01,hy *** AC1L04hy **° AC1LO5,hy *** AC,0,,h
Crn|AC,, 01,k ** " ACp 05y " ACy, 05,k " " ACo 00 kg

where for every p,q (1 <p<m, 1 <q¢g<n):
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(1) C, is a criterion, taking part in the evaluation,

(2) Oy is an object, being evaluated.

(3) ac,,0,.n, is a variable, formula or ac, 0,.n, = (ac,,0,.hys5C,,04,h,) 15 an
IFP, that is comparable about relation R with the other a-objects, so that for
each 4,5, k, g: R(ack,oi,hg, ack,oj,hy) is defined. Let R be the dual relation
of R in the sense that if R is satisfied, then R is not satisfied and vice versa.
For example, if “R” is the relation “<”, then R is the relation “>”, and vice
versa.

For each index h, (I1<g<f)let Sg’l’g be the number of cases in which

(0,051 BCr,05,hy) < AQC,,0,,hy>BC1,0;,hy)

and

(@0y,0i,hy> BC1,0i,1y) < AQC1,05.hy5B01,0;.h)
or

(QCy,0,h5 B01,0i,0y) = {0C,L.05hy BCr,0; 1)
and

(0y,0i,hy> BC1,04,0y) = (QC1,0;5,1y5 301,05 ,h,)

are simultaneously satisfied.
Let Sy, , be the number of cases in which

<ackaoi7hg7ﬂckﬁoi7hg> Z <ack,0j,hga/6Ck,Oj,hg>

and

(@0y,0i,hy> BC1,0i,1y) < QC1,05.hy5B01,0;.h)
or

(QCy,0,,h0 B01,0:,0y) < {0C,L,0;5.hy BCr,0;hy)
and

(QC1,0i,hs BC1,01,hy ) = {QC1,0;,hys BC1LO; hy)

n(n—1)

are simultaneously satisfied. We can see, that i/,  + 5}, < =73

so that 1 < g < f.
Now, for every k,l,g, such that 1 < k <l < m, n > 2 and g is fixed, we
define

for each g,

m
i _ 9 Sk y _ 9 Sk
Cr G n(n—1)’ Cr G n(n—1)
Hence,
Sk SY
kL, kL,
HCy.,Crihg + VO, Crhy = 2 IS +2 <L

n(n—1) nn—1) —

Therefore, (uc,,cy,h,,VC.Ch,) is an IFP.



Three Dimensional Intercriteria Analysis over Intuitionistic Fuzzy Data 447

Now, we can construct the IM

hg ‘ Cy ... Chn
C1| (HC1,C1 kg VC1,Crkg ) 7 (BC1,Con b s VC1 Conhy )
R= ) i ) ) |hg € H
Con | (HC,p C1hg s VCn Crhg) ** (HCr o by s VCi G hg )
that determines the degrees of correspondence between criteria C1, ..., Cy,.

Let apply aggregation operation to the 3D-IM R = [K, K, H,{ak, i, n,}]
(K,HCZ*)andlet hg ¢ H. Let 0 : X x X — X and *: X x X — X.
Let
(0, %) € {(min, max), (max, min), (average, average)}.

Follow [18] we used aggregation operations as follows:
(o) — ay-aggregation

k; ho

k1 O Gk ky,hy,
1<g<f

Oé(H,o)(R, ho) = k2 1<;<f ak’mkzyhg | kz c K

km o a’knz Jkem 7hg

1<g<f
kq ko km

kil o akkihg O Qkykahy c-- O Gk ik by

1<g<f 1<g<f 1<g<f
_ ke o ar,um, O Gkyion, oo O Ghykhy
= 1<g<f 1<g<f 1<g<f :
Em| © Qkykihy O Qkykahy oo O Gy kg

1<g<f 1<g<f 1<g<f

Therefore, finally, R obtains the form

hy Cy

Ci|( © peyCihgs  *  VCiCiohy)
1<g<f 1<g<f

Cnl(  © [Cn,.Cihgs ¥ VCu,Cihy) *
1<g<f 1<g<f
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Cn

(o pey Cuihgy K VOL.Coihy)
1<g<f 1<g<f

(O HCm,Cmihgs K VCp Coihy)
1<g<f 1<g<f

where (o, *) € {{(min, maz), (mazx, min), (average, average)}.

If the pair (o,%) = (min,max) is used in this aggregation operation, then
we obtain pessimistic forecast of intercriteria correlation coefficient values. With
pair {(o,*) = (maz, min), then optimistic evaluations are acquired. With pair
(o, %) = (average, average), we obtain the averaged estimate of the intercriteria
correlation coefficients.

4 Conclusion

In the presented research, a three dimensional intercriteria analysis over intu-
itionistic fuzzy data is discussed. Intercriteria Analysis can be applied over intu-
itionistic fuzzy data to determine possible correlations between the pairs of cri-
teria. In a next research of the authors, the above described constructions will
be extend to the case of 3-dimensional multilayer IMs and will be applied to
practical data.

In future, follow [14,15] for the Kendall rank correlation coefficient between
two IF'Ss, we will present another approach to 3-dimensional intercriteria analysis
applied over intuitionistic fuzzy data.
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