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Abstract. Index Matrices (IMs) are extensions of the ordinary matrices. They
are also object of extensions and modifications, e.g., extended index matrices. The
present paper is the second part of our research over n-dimensional extended IMs.
Here, we introduce new operations and relations over these matrices.
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1 Introduction

The concept of n-Dimensional Extended Index Matrix (n-DEIM), for arbitrary nat-
ural number n > 2, was introduced for the first time in [13] as extension of the
standard and of the extended index matrices (see, e.g., [1, 2, 3, 5, 8, 9, 20]).

Here, we will use the notations from [13] without discussions. In this paper,
we introduced the definition of the n-DEIM, the operations “addition”, “termwise
multiplication”, “multiplication”, “structural subtraction”, “multiplication with a
constant”, “projection”, “reduction”, “substitution” (of the IM-indices), and six
relations.

Here, we introduce a new operation “substitution” (of the IM-elements), hier-
archical operators, aggregation operations, and six relations for the case, when the
n-DEIM are propositions or predicates. Also, we introduce n-DEIMs with function-
type of elements.

2 Operations “substitution” of the IM-elements

Let the n-DEIM A be given. Following [13], we mention that the n-DEIM with index
sets K1, Ko, ..., K, (K1, K, ..., K, CZ*) and elements from set X is the object:

A= [K17 K27 ceey K7L7 {akle,kQ,SQ,...,kn,sn }]
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where K; = {ki1,ki2,..., kim, }, m; > 1 and (T € X forl<i<nand
1< s <my.
In [13], the first operations “substitution” are introduced.

Let for brevity 1 < i < j < n. Then the local substitution of a value of A is

n,sn

defined by
bi 1
. . RipiRia;
[<Zv]v ki,pw kj?Qj7 a
ki,Pirlj,Qj
<k17811 i ki_lv?i—l’ ki+1,pi+1: SRRE)
kjflij—l ) kj+17pj+l D) kn73n> e kmﬂ
ki pi ki p; K.q;
‘(kLSl’ o kicip, s ki+17pi+1’ SRR kﬁj*LPj—l ) kj+1,pj+1’ R kn75n>
EKl X ---Ki—l XKi+l X ... XKj_l XKj+l XKn}
<k1,51 PR ki—l,piq ) ki+1,m+17 R
kjflypjflﬂijrl,Pjﬂ’ A kn,sn> s k]”Qﬂ
ki,Pi bki,mvkj,q]'
‘(kl,sla ceey kifl,pifl ) k’i+1,pi+1a LRI kjfl,pjfl 9 kj+1,pj+17 ey kn,sn>

EKl X...Ki_l XKi+1 X...XKj_l XKjJ’_l XKn}

3 Hierarchical operators over EIMs

In [4, 8], two hierarchical operators are defined over 2-dimensional IM. They are
applicable to EIM, when their elements are not only numbers, variables, etc, but
also whole (new) IMs. First, we give their definitions, after this a new form of a
hierarchical operator over EIMs and finally, its definition when it is defined over an
n-dimensional TM.

Let A be a 2-dimensional EIM and let its element aj Iy be an IM by itself:

akf,l_q = [P7 Q7 {bpr;QS}]7

where

KNP=LNQ=0.

The first hierarchical operator is

Al(ay 1) = [(K = {ks}) U P (L = {lg}) U Q, {ct,.00 ),
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where
ap, 1y, ifty =k € K —{ks} and v, =1l; € L — {ly}
Cluww =3 Oprges ftu=pr € Pand vy, =qs € Q
0, otherwise
Let us assume that in the case when ay, il is not an element of IM A, then
Al(ak,1,) = A.

From the first definition of a hierarchical operator it follows that

Al(ak, 1)

ll e lg_1 q1 e qu lg+1 N ln
kl akhh e ak1’1g71 0 e 0 ak1719+1 e akl’ln
kf_l akf—hll . o akf—hlg—l 0 oo 0 akf717lg+1 e athln
2 0o ... 0 O 0 .0
Pu 0o ... 0 R . 0 . 0
kf+1 akf+1,ll ce akf.+171971 0 ce 0 akf+1»lg+l a’kf+1»ln
km akmh e ak,"L11971 0 . 0 Cl,km’ngrl . akm’ln

From this form of the IM A[(a,,1,) we see that for the hierarchical operator the
following equality holds.
Theorem 1 (see [8]). Let
A= [K, L, {akiylj }]

be an IM and let
a/kf,lg = [P7Q7 {bpm% }]

be its element. Then
Al(ag;,) = (A [{ks} {lg} {0}]) ® ak, 1,

In [8], the first hierarchical operator is modified so that all the information from
the IMs, participating in it, be preserved. The new — second — form of this operator
for the above defined IM A and its fixed element ag, ,, is

Al*(ag,,)
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ll e lg_1 q1 e qu lg+1 e ln
kl akhh e akl)l‘(Vl akl’lg e aklylg akl’lﬁl e akl’ln
kf—l Akp_10n = Okp_q)lg1 Qkp_q,ly -+ Qkp g0y Okp_1lgp1 - Qkp_q)ln

_ h kg ly -0 Qkply bprar - bpia Akglgrr - Okyly
Du Ahply oo Okplys bpugr o bpuge Gkplgn oo kgl
karl Akpigly oo Okppglg1 Qkpyaly -0 Qhpyqly Qkppglgrr oo Okpyqln
km a’knull tt akw“l971 a’knulg t aknulg a’k7n7lg+l M a'knuln

Now, the following assertion is valid.
Theorem 2 (see [8]). Let
A= [Kv L, {akulj }]

be an IM and let
ak}f,lg = [P7 Q7 {bpr’q.s‘ }]

be its element. Then

Al*(ak, 1)
= (AS [k} lg} {0}) ® anyp 1, ® [P L = {lg} {eay @ [K = {ks}, Qs {dy; 3],
where for each x € P and for each [; € L — {l4},

C:E,lj = a’kf,lj
and for each k; € K — {k;} and for each y € Q,
iy = 1y -

In [8], other representations of IMs A|(ax,,) and A[*(ax,,,) are given, using
other operations defined over IMs.

Here, following [12], we discuss a 2-dimensional EIM each element of which is an
EIM and an operator that modify this EIM to a standard EIM.

Let A = [K, L, {a,; }] be an EIM, where K = {k1, ko, ..., km }, L = {l1,12, ..., In},
and for 1 <i <m, and 1 <j < n:ag, € X. Let each its element aj, ., be an
EIM by itself:

kply = [Py lys Qhylys {0k 19 purgo s
where 1< f<m,1<g<n,1<u<rs, 1<v<s;p, and
Pry 1y = APkpig s s Php s}
Qkyply = {Qksig1s s Thplyspg s
Kmpkf,lg:LﬁQkf,lg:[b (1)

and for every four indices ky, k, € Z* and lg,l; € 7*:

Pkfvlg 0 Py 1; = Qkf,lg N Quyty = 0. (2)
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The new (third) hierarchical operator is defined by

A
qky,ly,1 s k01,511 s Gk ln 1 s Dkl S
Dk ,l1,1 Aky 310 - Gkl 114 . 0 - 0
_ Pkyli,r10 Ay ly,ra,1 -0 Qkyliria,si,n e 0 ce 0
pkm,ln,l 0 e 0 e akm,ln,l,l e akm,ln,l,sm,n
pkm,ln,Tm,n 0 e 0 N ak’mJnﬂ"m?n,l e akm,ln,’r’m,msm,n

We see that conditions (1) and (2) are important for the correctness of the
definition.
For example, if

where

_op11 by b
ayl = b b )
P12 | b21 b2o

P13 | b31 D32

‘ 921 422 G23
C1,1 €12 €13 ,
C21 C22 (€23

a2 = p21
P22

and

_ g6,1 46,2
a32 = )
P61 | 911 91,2
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then

q1,1 91,2 421 Q922 423 431 441 442 451 G611 46,2

pi1| b1 bz O 0 0 0 0 0 0 0 0

P12 | ba1 bap O 0 0 0 0 0 0 0 0

p1,3 b3,1 b3,2 0 0 0 0 0 0 0 0 0

p21| O 0 c1 cp az 0 0 0 0 0 0

p22| O 0 c21 c22 c23 O 0 0 0 0 0

Al*= p31| O 0 0 0 0 dig O 0 0 0 0

ps1| O 0 0 0 0 0 e1 eip O 0 0

P42 0 0 0 0 0 0 €21 €22 0 0 0

paz| O 0 0 0 0 0 e31 e3n O 0 0

psa| 0O 0O 0O 0 O 0 0 0 fix O 0

ps2| O 0 0 0 0 0 0 0 for1 O 0
psa| O 0O 0 O O 0 0 0 0 g1 912

Now, keeping condition (1), we can change condition (2) with a weaker one: for
every four indices ky, k, € Z* and Iy, l; € T*:

Pkf,lg X Qkf,lg N Py X Qi = 0,

i.e., there is no pair of indices that is found in two different a-IMs in the given EIM
A, where x is the standard Cartesian product.

In this case, if there are two or more p-indices in A|* that coincide, all members
of the rows with these indices are written on the respective places in the first row
with coinciding indices. Obviously, there are no two elements, that stay on one and
the same place, because they are members of different IMs.

After this, if there are two or more g-indices in A|* that coincide, all members
of the columns with these indices are written on the respective places in the first
column with coinciding indices. Obviously, again, there are no two elements, that
stay on one and the same place.

For example, for the IM A from the above example, if

‘ 21 422 423
ai2 = pi2|€a1 €2 €13,
P22 | C21 C22 C23

q3,1

q4,2

_ Dba1 €11 €12
a9
Pa2 | €21 €22
P43 | €31 €32
q2,1
as,1 fia,

fa1

_ q1,1 Q1,2
az2 = )
Pe,1 | 91,1 91,2

and
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then
11 412 921 422 423 431 q41 G42
p171 bl,l b172 0 0 0 0 0 0
P12 | b21 b22 O 0 0 0 0 0
p1’3 b3y1 b3’2 0 0 0 0 0 0
p21| O 0 c1 c2 caz 0 0 0
A= pa2| 0 0 cg1 c22 c23 0 0 0
p3sa| 0 0 0 fin O dix O O
pa1| 0 0 0 for O 0 e1 e
D42 0 0 0 0 0 0 €2,1 €22
P43 0 0 0 0 0 0 €31 €32
pe1 | 911 912 O 0 0 0 0 0

The following assertions are proved in [12].
Theorem 3. Let A = [K, L, {ay,;}] be an EIM and let each its element a,;, be

an IM. Then
A|* = Z Ak lys

1 f<m
1 g n

ININ
INIA

where symbol > denotes the generalization of the operation addition ©,). Here,
the suboperation of the operation addition &) is L, because it will be applied over
no one pair of elements.

Theorem 4. Let A be an EIM and « be a fixed real (complex) number. Then

Lo
]ﬁ Qg 1y e aaklylj cen Qg 1,
(A =
7 Qa; 1y ce aak%lj e aak; 1,
km aakwull aaknulj aa’knuln
9ki1,l1,1 s Qk1,l1,511 s Qkm,ln,Sm.n

Pkl 1 Qaky 1y,1,1 cee k01,800 cee 0
Pyl Qlfy lyri g1 -0 QQkyly 1,810 -0 0
Dk ln,1 0 - 0 . Qe 1 15
pkanJ’m,n 0 e 0 e aakmylnyrm,nysm,n

Now, we describe the case when A is an n-dimensional EIM with elements that
are also EIMs.
Let

A= [Klv Ky, ..., Kp, {akl,slkaSQv“ykn.sn }]

where K; = {ki1,ki2, .., kim, }, mi > 1 and each one of its elements has the form

a‘kle 7k2,52 7--~7kn,sn

91
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_ [Ll L2 Th1,51 k2,55 kn,sn
- k1,51;k2,527-";kn,3n’ k1,517k2,527--47kn75n7 crt kl,sl7k2,527~--7kn,s" ’

qhqz’“-’qul,sl akZ,SQv-u,kn,sn }]
)

k1,517k2,52;~~;k3n,sn
where
o (ki1 ko0, kns,) € K1 X Ko x ... x Ky,
® Thy g, koieyeknen 2 1 is the dimension of the EIM Ay g k2o

kn,sp 0

e for each i n(1 <4 < n) and for each j (1 < j < 7hy koo inen)

) J
1 S q] S ‘Lk17517k2,527--~7k‘n,sn|

for | X| - the cardinality of set X and
K;nL] =90, (3)

k1751 »k2,52 7--~7kn,sn

e for each j1,j2(1 <j1<j2 < Tkl,slykz,sz,m,kn,sn) :

J1 J2 _
Lkl,slyk2,52,makn,sn N Lkl,slgklﬁgvu»kn,sn - Q) (4)
Then
* 1
A" = U Lis oy b ag ko
<k1,sl7--~7kn,5n>€K1><--~><Kn
n W1,y...yWn
U Lk1,511k2,327"'1kn,5n7 cul,vlv-“vuﬂ,’vn} ’
(kl,sl7-~»,kn,sn>€K1X-~»XKn
where
q15925--5qry k k
1,51°%2,s9:2Fn,sn . R . ) . X
K5y k2,59 o0 Knsn ;o ifwp = qi, and uie; = ki,
W1 ,..., Wn — for 1 S 1 S n
UL, vq 50 Un,vun
1, otherwise

We can formulate and prove
Theorem 5. Let

A= [K1, Ko ooos Kny{ar, ;| ko ay,eobin o 1]

be an n-DEIM, let each its element Uhey g, K- be an EIM and let the index
sets of all a-elements satisfy (3) and (4). Then

* j—
A| - Z a’kl,sl’k2,52awykn,sn'
(kl,sl ,...,kn,5">€K1 X.. X Kp

~7kn,5n

We can change condition (4) with a weaker one: for every two different n-tuples
<k1,81 ) k2,827 sy kn,sn> and <ll,t1 ) lQ,tga seey ln,tn>:

n n
7 7 _
H Lk1,517k2,52;m;kn,sn ﬂ H Lll,t1;l2,t2;~~aln,tn =0.
i=1 =1
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4 Aggregation operations over nDEIM

Let the nDEIM A be given and let I; ¢ K; for i (1 < i < n) be n indices. First, by
analogy with the paper of E. Sotirova, V. Bureva and the author [14], we introduce

the following four aggregation operations over A:

Max-aggregation
A(max) (A, Z lz)
| kia
= l max ak1,517 kz l,s;_1 7k1 lyk1+1 Sj410 kn,sn
i (F1,sqseekio1,s, 4 ,k’i+1ysi+l7.“7kn75n>eK1 X..XK;_1 ><K1+1 ... X Kp

... Kim,

max
Ki1,s; o Rit1s, g0

. k1517
.

Min-aggregation
A(min) (Av i, lz)

ki1

sKi—1,s, klm +1,s kn@ I
i—1 ki 14+17" n
kn5n>€[(]>< XK ]XK,L 1X.. Xk

= min

a’kl s
. )81 97"
ZZ <k1,51 yeeey

ki1,s; 1 okit1,s5q 0

ki,mi

ki 1,5, lvkl 11k1+1 3854100 k'n,sn
kn,sn ) EK1 X XK1 XKip1%X...xKpn

min Ay -

lif ... (k1,5 5eekim1,05 1 Kid 1,554 q 5o

kl 1,s; kl m; 7,+1 s kn s 9
i—1 i+ n
kn sn>€K]>< XK; 7]><K7+]>< Xk !

Sum-aggregation
A(sum) (A7 iy li)
ki1
= l Z ak'l s19°r k’t 1,5, lvkl 11k7,+1 3854100 kn,sn
i (K1 5eekim1,s;_q oKid 1,554 q eeeskin,sn JEKTX XK 1XKip1X.. X Kp

ki,mi

E akl 38100

lif ... (k1,57 5eekim1,05 1 Kid 1,554 q 5o

Average-aggregation

k‘z 1,s; ki ms; k}
i—1, z+1 Siqp1on,sn
JKen,sn YEK1X.. ><Kl 1><K7+1>< x}(

A(ave) (A,4,1;)
ki
= l 1 E a’kl sk 17k1 lvk'7,+1 51+ kn,sn
i | M (k1,5 5eeskiot,s; 1 oRit1,s; 410 kn,sn) 1>< KiZixKip1x..%
l' 1 Z kl Sk 7k1 ,m ;s 'L+1 Si410t k’n,sn 9
(2 IR 7/ (k1,5 5eeskio1,s; 1 Kit1,s;, 1 50ekin,sn )€ 1>< XK1 %X B
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where

We can see immediately that for every IM A, for every pair of indices i and j
and for every o € {max, min, sum, ave}:

Aoy (Aw) (A, 4, 15), 8, 1) = Aoy (Ao) (4,3, 1), 5, 1)

In the case of (0,1)-nDEIMs, only operations Apax and Apin are possible.
When we use n-DEIM with elements propositions or predicates, then the aggre-
gation operations are

V-aggregation ’
A(max) (A, Z, Zl)

‘ ki1

= I v akl,sl7---7ki—1,si717ki,17ki+1,si+l7---7kn,sn
1 <k‘1751 ,...,k‘iflysiil ,k‘i+115i+1,..4,kn,5n>EK1 X XK 1 xXKip1X...xKp
L \ ke s okio1,s; g Kiymg Kit 1, g oknsn
? <k1751 7""rki—17$i_1 7ki+]’5i+1 7--»7k5n,5n>€K1 X..XK;_q ><Ki+1 X...an

and A-aggregation
A(min) (Aa i, Z’L)

‘ ki1

= L A Aoty yekizt,s;_y ki1 Kit 1,5,y ek sn
g <k‘1751 ,...,kiflysiil 1ki+1,si+17--<7kn,5n>EK1 X XK 1 xXKip1X...xKp
I A Ok sy eki1,s; 1 Kiymy Kit1,s;41 0 knsn
t (k1,5 ki1, 1 5Kig1,s;y g oeekingsn JEKL X XK1 X Kiq X x Ky,

5 n-DEIM with function-type of elements

The concept of a (2-dimensional) IM with function-type of elements was described
in details in [6, 8, 10]. Here, we introduce its n-dimensional form.

Let the set of all used functions be F.

The research over IMs with function-type of elements develops in the following
two cases:

e each function of set F has one argument and it is exactly x (i.e., it is not
possible that one of the functions has argument x and another function has
argument y) — let us mark the set of these functions by F.;

e ecach function of set F has one argument, but that argument might be different
for the different functions or the different functions of set F have different
numbers of arguments.
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The n-DEIM with Function-type of Elements (n-DEIMFE) has the form
A = [K17 K27 teey KTU {fkl,sl)k2,527'“7k7la3n }]

where K; = {ki1,kiz2, .., kim, }, mi > 1 and Tk sy h2,gronsbin,s,, € F for 1 <i <n and
1 S S; S m;.
The second n-DEIM A representations is:

<k3753, ey kn,sn) ko1 . k2 me
k11 Jhvako ks ogrknsn o0 SRRy ks gk
A= i )
1, fkl,i7k2,l k3,55 50-5kn,sp s fkl,ika,'rrLQ 1k3,5350-5Fn s
kl:ml fkl,ml7k2,17k53,33,-~-,k’n,sn e fkl,nLl7k2‘m21k3,837-“7kn,5n

|<k‘3,537 ...,kn75n> € K3 x...x Kn}

The n-DEIMFE has this form independently of the form of its elements. They
can be functions from F! having one, exactly determined argument (in the present
case - x), as well as functions with a lot of arguments. The set of s-argument
functions will be marked by F*, where s > 2.

Now, we give the definitions of the operations over n-DEIMFEs. The first three
of them are in more general form than in [6, 8].

Let the n-DEIMFEs

F= [Kl: K?a 3] KTL’ {fkl,sl7k2,527~--7kn,sn }]

and
G = [Ll> L27 ceey L7L7 {gl1,tlyl2,t2 R }]7

where fkl,slak'Q,SQpn,k'n,sn7gll,tl7l2,t27---7ln,tn € ]:% or fk1,311k2,.927-“7kn,sn7
Gl e bt el € Fe simultaneously, where d > 2.
Following and extending [10], we introduce the operation “addition” over A and
B by:
F®oG=[K1UL,KyULg,....; Kn U L, {hpy o po g rooopgn 1o

where

h

P1,q1:P2,q2-:Pn,qn

fkl,sl>k32,521»--1kn,sn’ if for each i: p; g, = kis; € K;
and there is ¢ so that k; 5, & L;

if for each i: p; g, = liy, € K;
and there is ¢ so that l;4, & K;

i1ty 02,80 5 sbnt 9

fkl,s1vk2,sz’~~~akn,8n’ if for each : Pig; = ki,si = lui e K;NL;

° gl11t1 7l2,t2 7--~7ln,tn

4, otherwise

95



96

K. T. Atanassov

where operation o is defined in F} or in F¢, in respect of the form of the f- and
g-functions. For example, if

flz) =a® = 3a* +2° +1,

g(x) = 2% — 225 - 3,

and operation o is +, then
h(z) = f(z)og(x) = a5 —2® — 32" +2° — 2.

Therefore, the operation addition over two nDEIMFEs is similar to this one from
Section 1.3. The same is the situation with operations “termwise multiplication”,
“multiplication”, “structural subtraction”, “multiplication with a constant”.

The next operations are specific for IMFEs (for any dimension).

Let

A= [Klv Ky, ..., Ky, {ak1,51;k2,52,.4.,kn,sn }]

and
F= [Lla Lo, ..., Ly, {fll,t17l2,t27--~7ln¢tn }]7

: 1

be given, where Ay, € R and fl1,t1,lz,z2,-.-, € JF, or
d d

Aoy oy k2,0 vennsbim s € R and fllyt1712,f27"'7l’ft,tn € F¢ simultaneously, where d > 2. Then,

we can define the following operations:

k21527~"7kﬂ,5n ln,tn

AHF =K1 UL, KoU Lo, ..., K, U Ly, {1 41 02090 D0 o

where
h

P1,q1:P2,q25--+:Pn,qn

Akt o k2,0 sinsn s AL fOT €aCh @ pig = kis, € K
and there is ¢ so that k; s,  L;

if for each i: p; 4, = liy, € K;
and there is ¢ so that l;, ¢ K;

fll,tl A2,tg 5 slntn )

Ay gy k2,50 ek, if for each i: Dig; = Kis; = Lig, € KiN L,

o fll,tlyl2,t27-~-aln,tn

1, otherwise

where o € {+, —, x,:} and ak, , ks .y, k0., € R-

FHA=[K1UL,KoULsg,.... K, U Ly, {Pp1 g1 92,09 osman o

where

h

P1,q1-P2,925--Pn,qn
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hoy o, k2o > if for each i: p; 4, = ki s; € K;
and there is 7 so that k;s; & L;

fll,t17l2,t27--~7ln7tn’ if for each i Pig = li,fvt €K;
and there is 4 so that l;;, &€ K;

fll,tlyl2,t27~~~’ln,tn(
ak17517k2,52,~--7kn,sn)7 if for each i: Dig; = ki,si = li,ti e K;NL;

1, otherwise

where a- and f-elements belong of sets with equal dimensions.

AXIF = [Kl NLi,KoNLo, ..., KN Ly, {hpl’ql’m’qwm’pn’qn }],

where

h

D1,y P20 Pran - Vk1 sy k2,005 kn,sy © fll,t1>12,t27--~7ln,tn’

if for each i p; g, = ki s, = liy, € KiNL;, where o € {+, —, x,:} and Aky 4,
eR.

k?,sgv--wkn,sn

FXIA = [Kl n Ll,KQ n LQ, L K,N Ln, {hpl,ql7P2,q27---,Pn,qn }],

where

h

P1,q15P2,q9>+Prygn fll,t17l2,t27--~7ln,tn (a’kl,sl7k2,321“-akn,sn )7
if for each i: p; 4, = ki s; = liy; € K; N L;, and a- and f-elements belong of sets with
equal dimensions.

Finally, for the two n-DEIMFEs F and G, following [10] we define two operations
“composition” by:

FO(@)G =[K1UL,KoULg, .., K, ULy, {hp1,q1,p2,q27-~7pn,qn s

where
hPL‘Il sP2,q95--Pn,qn
Jrr o ks ok i fOr each iz pig = ki, € K;
and there is ¢ so that k; 5, € L;
Gty d2,ty ool if for each iz pjg, = liy, € Ki
and there is 7 so that l;;, & K;
= )
fll,tl 2.t esln ity (
gkml7k2’82,wkn75n), if for each i: p; g, = kis, = liy; € KiN Ly
4, otherwise
and

FOe)G = [K1N L1, KoM Loy oo, Kn 0 Ly {fpy 41 pa g opman 1o
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where
hpl,ql »P2,q95-+-5Pn,qn = fll,tl 712,t2 wu’ln,tn (gkl,sl akQ,SQ :-“:kn‘sn )’

where for each i: p; g, = ki s, = lig, € K; N Ly.
When the elements of the n-DEIMFE are propositions or predicates, the elements
of set F¢ will be logical functions.

6 Relations over n-DEIMs

Let the two n-DEIMs A and B be given. In [13], 6 relations over n-DEIMs with
elements being real or natural numbers, or with elements of set {0, 1} are introduced.
There, the definitions where used for C and C that denote the relations “strong
inclusion” and “weak inclusion”. They are:

The strict relation “inclusion about dimension” is

ACy B iff (Vl)(KZ C Li) \ (VZ)(KZ CL; & (3_] 1< < n)(KJ #* LJ)>
&(VZ)(VJ : 1 S j S mi)(akl,sl »k2,327--~7kn15n = bkl,.sl7k2,s27<--7kn,sn)'
The non-strict relation “inclusion about dimension” is

ACyB iff (Vi)(K; C L)&(Vi)(Vj:1<j < mi)(akl,sl,

k2,505eesKn,5m
= bk o ko s oo skinsn )
The strict relation “inclusion about value” is
AC, B iff (Vi)(Ki = Li)& (Vi) (Vj : 1< § < mi)(any o ko oy oo o < Okt e, hniagveoinon )
The non-strict relation “inclusion about value” is
AC, B Hf (Vi) (K = Li)& (Vi) (V5 : 1 <5 <) (@hy o koo oinson < Oki gy koo vroinon )

The non-strict relation “inclusion about value” is The strict relation “in-
clusion” is

&(Vi) (Vi 2 1< G < mi)(Qhy o kogobingon < Okigy ha e rin,on )-

The non-strict relation “inclusion” is

AQdB iff (VZ)(KZ g LZ)&(VZ)(V] 01 S _] S mi)(aklﬂj

k2,527-“7kn,sn

< bkl,sl7k2,.927--~7kn,5n)'

Let V' be an evaluation function that estimates the truth-value of logical vari-
ables, propositions or predicates. Then, the first two above relations keep their form,
but the four next relations change their forms, as follows.

The strict relation “inclusion about dimension” is
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&(Vi)(Vj: 1 < j <mi)(V(aky o koeyrbnsn) = V(Oki g Ko grorinon )

The non-strict relation “inclusion about dimension” is
A Cq B (Vi)(I; C Li)&(Vi) (Vi : 1 < § < i) (V(aky o, koay,oobinon )

=V (ki g, bz sroorbin,on )

The strict relation “inclusion about value” is
A Co B iff (V’L)(KZ = Ll)&(VZ)(VSZ 1< < mi)(V(akl,Sl7]{;2’527”_7]%7571)

< V(bkl,sl 7]‘32,52 a-~~7kn,sn )))

The non-strict relation “inclusion about value” is
A Co B iff (Vl)(KZ = LZ)&(VZ)(VQ 1< s; < mi)(V(akle,kz,sz,--.,kn,sn)

S V(bkfl,sl 7k2,327---7kn,5n ))'

The strict relation “inclusion” is
AC Biff (%) (K; © L)V (%) (K; € Ly & (3 : 1 j < n)(K; # L)
&(Vi) (Vi1 1< § < mi)(V(aky o, kaagsbinsn) <V (Okig oy eodinsn ))-
The non-strict relation “inclusion” is
A C Biff ((Vi)(K; C Li)&(Vi) (Vi : 1< <ma)(V(ak, g, ko g eidins,)

S V(bkl,sl ’k2,527~~7kn,sn ))

7 Conclusion

The results from the present paper extend the idea for index matrices. In the future,
we will introduce the same operations and relations for the case when the n-DEIMs
have as elements IFPs.

Following the ideas from [14-18], we see that the n-DEIMs give a suitable model
of the OLAP-cube.

In a next research, we will discuss n-DEIM with elements intuitionistic fuzzy
pairs.
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